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ABSTRACT

A " bornology " is a structure to solve the problems of boundedness for
sets, groups, and functions in a general way. The main goal of this work is to
combine the soft set theory with bornology to construct a new structure which is
called a soft bornology to solve the problems of boundedness for the soft sets
and soft groups. Also, we construct the soft base and soft subbase for this
structure. It is natural to study fundamental constructions for this new structure
such as soft bornological subset and product soft bornology. As well as, a new
structure whose elements are soft unbounded sets are generating. Finally, we
study a soft bounded action that means, when a soft bornological group acts on a
soft bornological set, this process is called a soft bornological group action or
soft bounded action. The effect of the soft bounded action is to partition a soft
bornological set into classes of soft orbitals. The main important results, we will
prove that a family of soft bornological sets can be a partial ordered set by a
partial ordered relation, the composite of two soft bounded maps is a soft
bounded map, the intersection of soft bornological sets is a soft bornological set,
the left- right translation is a soft bornological isomorphism, the product of soft
bornological groups is also a soft bornological group and the soft bornological

group action is a soft bornological isomorphism.



INTRODLCTION

There is a very important reason to construct the structure of bornology. In
the beginning when researchers wanted to solve the problems of boundedness
they gave the concept of a bounded set on the real numbers R, also in a
topological vector space and a metric space the set is bounded if it is absorbent
by every neighborhood of zero, as a ball respectively. That motivated the
researchers to construct such kind of structure in functional analysis, which have
the minimum amount of conditions to solve the problem of boundedness for any
set in a general way, which is called bornological structures. H. Hogbe-NIlend
[5], [6] gave a general and integrated definition that solves the problem of
boundedness. After that, Pombo [18] gave a new structure called bornological
group to solve the problem of boundedness for the groups and studied the
fundamental construction for this structure. Bambozzi [3] studied the category
theory of bornological group. Anwar N. Imran [8] studied bornological
semigroup to solve the problem of boundedness for such kind of groups which
cannot be bornological group because the inverse map is not bounded. After
that, Anwar N. Imran [9] added additional properties of the bornological group,
also Anwar N. Imran [11] formed a new structure to solve the problem of
boundedness to a type of groups whose product map is not bounded. As well as,
Anwar N. Imran [10] started to solve many existent problem in algebraic

bornology and many researchers studied bornology like [2], [21].

In 1999, Molodtsov [15] initiated the theory of soft sets as a new
mathematical tool to deal with uncertainties in modelling problems in
engineering physics, economics, computer science, social sciences and medical
sciences [13], [14] and [17]. Many researchers have contributed to develop soft
set theory’s algebraic structure to the best [1], [4], [7] and [16].



The main goal of this study is to combine soft set theory with bornology to

construct new structures called soft bornological structures.

In chapter one, we recall some basic concepts for bornological structures to
solve the problem of boundedness for sets and groups. Also, the fundamental
construction for its. The most important part in this chapter is the practical
applications of bornological structure such as in the spyware program KPJ, in
the case of need to determine a person’s location or the identity of a person from
his finger print or from an eye print, and in satellite broadcast systems to

determine the limits of the broadcast area [2].

In chapter two, we combine the soft set theory with bornology to construct a
new structure that is called a soft bornology to solve the problems of
boundedness for soft sets. Also, we construct a soft base and a soft subbase for
this structure. It is a natural to study fundamental construction for this new
structure such as soft bornological subset, product soft bornology. Consequently,
we study soft bornological group to solve the problems of boundedness for soft
group. The main important results, we prove that a family of soft bornological
sets can be partial ordered set, every soft power set of a soft set is soft
bornological set, the composition of two soft bounded maps is a soft bounded
map, the intersection of soft bornological sets is a soft bornological set, the left-
right translation is soft bornological isomorphism and the product of soft

bornological groups is a soft bornological group.

In chapter three, we study soft bornological group actions denoted by SBGA,
when a soft bornological group G acts on a soft bornological set X. The soft
bornological set X is called a G- soft bornological set. The effect of the soft
bounded action is to partition a soft bornological set into classes of soft orbitals.
The main important result, we prove that soft bornological group action is soft

bornological isomorphism.
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Chapter One: Some Basic Concepts for Bornological Structures
1.1 Introduction

In this chapter, we recall some basic concepts for bornological structures to
solve the problem of boundedness for a set and a group. It is a natural to study
fundamental construction for this structure such as bornological subset, product
bornological set. Also, the most important part in this chapter is the practical

applications of bornological structure; see [2].
1.2 Bornological Set

In this section, we recall some basic concepts for the bornological set with some

examples and fundamental constructions for this structure.

Definition 1-2-1 [5]:

Let X be a nonempty set. A bornology £ on X is a collection of subsets of X
such that:

I. [ forms a cover of X;

ii. B inclusion under hereditary, i.e. if B € 8,3 A S BthenA € B;
lii. B inclusion under finite union, i.e. if Vv B{,B, € fthenB,; U B, € f.
A pair (X, B) consisting of a set X and a bornology S on X is called a

bornological set, and the elements of S are called bounded subsets of X.

We can satisfy the first condition in different ways, if the whole set X belong to

the bornologyorvx € X, {x} € forX = U B.
BER
Definition 1-2-2 [5]:

Let (X, 8) be a bornological set. A base 3, is a sub collection of bornology S,
and each element of the bornology is contained in an element of the base.

Example 1-2-3:

Let X ={1,3,5}, f = {0, X, {1}, {3}, {5}, {1,3},{1,5}, {3,5}}.

To satisfy that 8 is a bornology on X.
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I.  Since X € S, then X is covering itself.

ii. IfBeB,ASB,thendep
Since p is the set of all subsets of X, i.e. 8 = P(X) = 2~*.

Then g inclusion under hereditary.

n
lii. B inclusion under finite union, i.e.U B, € 5,V By,B,, .., B, €L.

Since t=1

{1} u {3} = {1,3}, {1,3}u{1,5} =X, ou{13}={13}
{1} u {5} = {1,5}, {1,3}u{35} =X, 0U{35}={3,5}
{3y u {5} = {35}, {15}u{35} =X, Qu{l}={1}.

Then g is bornology on X. We can define only one bornology on finite set it is

called discrete bornology.
Now, to find the base for bornology

Bo = {{1,3},{1,5},{3,5}, X}, or Bp = {X}.

Example 1-2-4 [12]:

Let R be the set of real numbers (with Euclidean norm (absolute value )).
We want to define a usual bornology on R that mean g is the collection of all
usual bounded sets on R, in fact, (a subset B of R is bounded if and only if there

exist bounded interval such that B < (a, b)).
So,8={B:B < (a,b) : Va,b € R}.

I. SinceVx € (a,b) and {x} c (a, b) (the bounded intervals with respect to
absolute value (w.r.t | [) where the absolute value divided R into bounded
interval), (every subset of bounded interval is bounded). Implies that,
V x € R,{x} € 8. Then B covers R.

ii. IfB € pand A C B,there is bounded interval such that A € B € (a, b).
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Therefore A € 8, and (8 stable under hereditary.

iii. IfBy,B,,...,B, €, thenthereis Lq, L, ..., L, least upper bound

and g4,95, ..., gn Qreater lower bound, such that

n
U B; has finite union of upper and lower bounds.
i=1

Assume that L = max {L;}, and g = min {g;}

n
U B; has least upper bound L and greater lower bound g.
i=1

n
That mean U B; is bounded subset of R.
i=1

n
That mean U B; € B. Then B is bornology on R.
i=1

And the base of this bornology is:
Bo={B(x):reRxeER}={(x—r,x+71r):r€R x €R}

It is clear that every element of that bornology g is contained in an element of
the base f3,.

Example 1-2-5:

Let X = R? with Euclidean norm

Y
Il = (Zw)
i=1

where x = (xq,x;).
D,.(b) ={x € R% ||lx —b|| <1, forr > 0}

be a disk of the radius r with center at b = (b4, by).

3
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A subset B of R? is bounded if there exists a disk with center x, D,-(x,) such

that B < D,-(x,), xo € B,r = 0.

Let B, be a family of all bounded subset of R2.

B, = {B € R?: B is usual bounded subset of R?}.

Then (R?, B,) is a bornological set and 3, is called usual bornology on R2.

i. Itis clear that every close disk in R? is bounded set that means, B € f3,
since R? is covered by the family of all disks. Then g, covers R?.
ii. IfB €, and A € B, then there is close disk such that A € B € D,.
Therefore A € 3.
iii. If By, B, € By then D,. , D,., are close disks such that B; € D,., B, € D,.,.

And r = Max,:=1’2{'ri}. Then B1 U B2 c DT'Z'
Thus, the finite union subsets of R2. Then S, is a bornology on R2.

A base of bornology on R? is any sub family such that 5, = {D,-(xo): 7 > 0}.

Definition 1-2-6 [12]:

Let (X, ) be a bornological set, a family S of members of a bornology g is said
to be subbase for g if the family of all finite unions of members of S is a base
for B.

Example 1-2-7:

Let X ={1,2,3}, B = {X,0,{1},{2},{3},{1, 2}, {1, 3}, {2, 3}}.
Let S = {{1},{2},{3}}.

Then S is subbase for g where 8, = {{1, 2}, {1, 3},{2, 3}, X}, or B, = {X} are

bases for 3.
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Remarks 1-2-8:

1. Not every family of subsets of a set X will form a base for a bornology on
X.
For example X = {1,3,5}, B, = {{1}, {3}, {5}} then B, cannot be a base for

any bornology because the base must be contain a large subsets of X see [12].

2. Let (X, B), (Y, B") be bornological sets and f3,, B, are bases for 5 and ',
respectively. If 5, € B, then, B € '.

For example: X = {1,2,3},Y = {1, 2, 3,4}

B ={0Xx{1},{2}{3},(1,2},{1,3},{2,3}},

B ={0,Y,{1},{2}, (3}, {4},{1,2},{1,3},{1,4},{2,3},{2,4},{3,4},{1,2,3},
{1,2,4},1,3,43,{2,3,4}}.

Bo = {{1,2},{1,3},{2,3}, X3},

Bo' = {{1,2,3},{1,2,4},{1,3,4},{2,3,4},Y,{1,2},{1,3},{2,3}, X}.

It is clear that 8, € 8, then, B € B’

3. Types of a bornology:
a. The discrete bornology B, is the collection of all subsets of X, i.e.
discrete bornology P(X) = 2%.
b. The usual bornology g, is the collection of all usual bounded subsets of
X, i.e. usual bornology = {B € X: B is usual bounded}.

c. The finite bornology By, is the collection of all finite bounded subsets

of X.
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Definition 1-2-9 [5]:

Let (X,B) and (Y,B") be bornological sets. A map y: (X,B) - (Y,B") is called
bounded map if the image for every bounded set in (X, ) is bounded set in
(Y,B"). That means, VB € 8 = Y(B) € .

Notice that, the composition of two bounded maps is bounded map.

Definition 1-2-10 [12]:

A map Y between two bornological sets (X,8) and (Y,B') is called a

bornological isomorphism if i is bijective also, 1,1~ are bounded maps.
Consequently, for every B € B there is B’ € B', such that
B' =vy(B), B=vy~"(B").

Example 1-2-11:

Consider X = {10,11}, Y = {5,6} with finite bornology on X, Y.
B ={8,%,{10}, {113}, 8’ = {9,Y,{5},{6}}.
Define a function y: X — Y such as, 1(10) = 5,1(11) = 6.
It is clear that 1 is bijective and 1 and 1~ bounded map.
Y({10}) = {5} =y~ ({5} = {10}
({11} = {6} =y~ ({6}) = {11}
YY) =X, 97(0) = 0.

Proposition 1-2-12:

If ¥v:(X,p) — (Y,B") and ¢:(Y,B") — (Z,B") are both bornological
isomorphism, then the composition ¢ o y: (X,8) — (Z,B"") is bornological

iIsomorphism.
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Proof:

Since ¥ and ¢ are one to one and onto, then ¢ oy is one to one and onto
(composition of any two one to one, onto maps is one to one, onto map

respectively). Since ¥ and ¢ bounded maps, then ¢ o ¥ is bounded map.

Since ¥ and ¢ are bornological isomorphism, then p~! and ¢~ are bounded
also Y~ 1o ¢ 1is bounded, but 1o ™1 = (¢p o)1 is bounded.

Therefore, ¢ o 1y is bornological isomorphism.

Definition 1-2-13 [5]:

Let (X, 8) be a bornological set and let Y < X. Then the collection gy = {BNY:

B € B} is a bornology on Y. The bornological set (Y, By) is called bornological

subset of a bornological set (X, 8) and By is called relative bornology on Y.

Example 1-2-14:

X = {2,4,6}, with discrete bornology on X.

B =1{0,X,{2},{4},{6},{2,4},{2,6}, {4,6}}.

And the base of bornology is o= {{2,4},{2,6},{4,6}, X}, and let Y = {2,4}.
Then we have

By ={0nY,XnY,{2}nY,{4}nY,{6}nY,{24}nY,{2,6}nY,{46}NnY}
By = {9,Y,{2},{4}}. Then the subset of bornology is By.

Definition 1-2-15 [10]:

Let (X,B), and (Y, B") be two bornological sets, 8, = {The family of all B x B’
where B € ,B' € f'}.We say that S, is a base, and is called product

bornology.
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If we defines a bornological structure on X x Y, then the product set X X Y with

this bornological structure is called a bornological product sets of (X, /), and
Y, B8".

Example 1-2-16:

Suppose X = {a, b}, Y = {1, 2}.

We defined a discrete bornology on X, Y.
B =1{0,X,{a}, {b}}
B’ ={0,Y,{1},{2}}

BxB ={0,Xx0XxY,Xx{1},X x{2},{a} x 0,{a} x Y,{a} x {1},{a}
x {2},{b} x @, {b} x Y, {b} x {1}, {b} x {2}}

BxpB ={0,XxY,Xx{1},X x{2},{a} xY,{a} x {1},{a} x {2}, {b} x Y, {B}
x {13, {b} x {2}}

Bxp ={8XxY,{(a1),b1}{a?2),b2}{al),(a2)}{a}
{(a,2)},{(b, 1), (b,2)},{(b, D}, {(b,2)}}
Bo = B x B'is abase, and is called product bornology. And if
XXY={xy):xeX yeY}

= {(a, 1), (a,2), (b, 1), (b, 2)}, define a discrete bornology on X x Y.
Bxxy = {0, X xY,{(a, D} {(a, 2)},{(b, D}, {(b, 2)},{(a, 1), (b, 1)},
{(a,1),(b,2)},{(a,2), (b,1D},{(a,2),(b,2)},{(a 1), (a,2)},{(b,1),(b,2)},
{(a, 1), (a,2),(b, D}, {(a, 1), (a,2), (b,2)},{(a,1),(b,1),(b,2)},

{(a,2),(b,1),(b,2)}}. (X XY, Bxxy) is called a bornological product sets.
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1.3 Bornological Group

In this section, we recall concept of bornological group to solve the problems of

boundedness for group.

Definition 1-3-1 [18]:

A bornological group (G, B) is a set with two structures:

I.  (G,x)isagroup;

ii. B isabornology on G.
Such that the product map y: (G, B) x (G,B) — (G, B) is bounded and
Y~ 1: (G, B) — (G, ) is bounded.

In the other words, a bornological group is a group G together with a bornology
on G such that the group binary operation and the group inverse maps are

bounded with respect to the bornology.
Let G be a bornological group and B, B, be two bounded subsets of G.
We denote for the image of B; X B, under product map

(G, B) x (G,p) — (G,B)

by By * B, = {b; * b,: by € B1,b, € B,}, * is the binary operation defined on

the group which we want to bornologies it, and B~ = {b~! € B}.

Example 1-3-2:
Let G = ([g [i , - ) beagroup a,b € R,a # 0, which is the set of matrix
2X2

elements and multiplication operation.

We can define a finite bornology g on this group, which it is a collection of all

finite subsets of G.

To prove G with finite bornology p is bornological group (G, B).

9
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We must prove that, the product map and the inverse map are bounded.

i (G, B) x(G,B) — (GB).
Let M;, M, € (G, ) be two bounded subsets, we must prove that

Y(M; x M,) is bounded.
l/)(Ml X Mz)z M1 . MZ = {m1 My My € G,mz € G}

by _[az by

1M =1y 4 ,a1,a,,by, by € R}

a
={m; -m; : m1=[01

={[CE)1 1911] : [082 blz _ [a1(‘)a2 a1b21+ b1]} c (G, B)

the product map is bounded.
i. Y76 B) — (G B

LetM € (G,B),M = {m:m = [g ?]} which is finite set.

1 -b
ThenM™l={m1tm™= [(5) i]} c (G, B).
So, 1 is bounded. Then (G, ) is bornological group.

Example 1-3-3:

Let (Z, +) be an additive group and S be the finite bornology define on Z.
To prove Z with finite bornology £ is a bornological group (Z, B).

We must prove that, the product map and the inverse map are bounded.

. Y:(Zp) X (ZPB) — (ZP)
Let A, B € 8 be two bounded subsets, to prove that ¥)(A X B) is bounded.

Thus, Y(A X B) = A + B is bounded subset belong to Z, since Z group.

Thus, the image for every two bounded sets A, B under v is bounded set.

10
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i. Y 1(G,p) - (GP).
Let A € B be a bounded set, thus Y ~1(4) = A™! < Z, since Z is a group.

Then =1 is bounded.

1.4 Some Practical Applications of Bornological Space

In this section, we recall some of the practical applications for bornological
structures. In other words, how to apply the bornology to solve many problems in
our live. As we know the effect of bornology is to determine the boundedness for
sets, vector spaces and groups. That means, bornological structure is general
solution to solve the bounded problems [2].

The most important practical application for bornology is in the spyware
program KPJ. To explain how this structures, we used to solve the problems for
boundedness in specific way or with more details for example in spyware
program KPJ. Exactly, when they want to determine the person location, or the
identity of the person from his print finger and his print eye [2].

First, assume that the person is the original point, to determine his signed or
status. We start to study the (behaviour, vibrations, frequencies) of objects
within his domain. That means, we study the frequency of these objects by
introducing:

open unitdisk B={x € V, ||x|| < 1} or closed unitdisk B={ x € V, ||x|| < 1}.
It is an absorbent disk but we need to study the behaviour for another objects.
Then, we have to define another disk B, that is bigger (since B in a vector space,
then it is allowed for us to multiply by scalar in vector space and make B
bigger), so we get another (open or closed) absorbent disk B; (see figure 1).
Thus by the same operation we can translate to all objects. In the end, we get
collection of (open or closed) disk covers the place and the finite union which it
Is the bigger bounded set should also be within the place not outside, that means

inside the collection see [2]. (A set A is absorbent disk in a vector space V if A

11
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absorbs every subset of V consisting of a single point), i.e. absorbs every subset

of V.

dh
\

Figurel: The behaviour of objects within his domain by introducing open unit
disk [2].

The fingerprint is one of the applications of the bornological space. Each
person has his fingerprint that differs from the other. We start from the center,
around the center there is a family of bounded sets that, the union of it, give the
largest set covering the area of the thumb. Also, the hereditary property is
available where a large set exists inside contains a smaller set, and so on. That
means subset property is there is a transfer of all biological, formal, and life
characteristics from the large set to the smaller set, and the finite union of these

bounded sets gives a bounded set that belongs to the family; (see Figure 2).

12
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\A

Figure 2: Finger print [23].

Another application to the iris, the pupil is the set of holes of various
shapes and sizes and the distance between each other, which are located around
the pupil, which acts as a (limited group) and the iris is considered one of the
best ways to verify the identity of people, and no two eyes are alike in

everything scientists have confirmed that it is impossible for the two eyes to be

exactly the same; (see Figure 3).

Figure 3: Eye print [24].
13
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Another application of this work is the tree trunk, where the age of the

tree can be known from the number of rings in the target trunk after cutting it,

the number of rings indicates the number of years the tree live; (see Figure 4).

i
//’}g)l%ll///

(i

).

Figure 4: The tree trunk [25].

For more information, there are many other applications of bornology,
for example to equip a building with the internet service. We take the center
point on the surface, and the internet waves are the bounded intervals and
therefor the collection of these open intervals which it is covers the surface, also
stable under finite union and hereditary property can determine the place or the
building see [2]. Add to that, there is an important application of bornology,
such that in satellite broadcast system when they want to determine the limits of

the broadcast area; (see Figure 5).

14
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The A-Train

Figure 5: Satellite broadcast system [2].
1.5 Soft Set

Definition 1-5-1 [15]:

Let U be a universal set and E be a set of parameters. A soft set under U is a pair

(¢,A) consisting of a subset A of E and a mapping ¢:A — P(U).
That mean, £ = {(e,£(e)), e € 4,&(e) € P(U)}.
Note that S(U) is referred to the set of all soft sets over U.

Definition 1-5-2 [22]:

Suppose (¢, A4) is a soft set. A function a: A — U is called a soft element of
(§,A) ifa(e) € &(e) forall e € A.

15
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Definition 1-5-3 [22]:

For each a € (¢, A), a singleton soft set {a} is defined by {a}: A — P(U) such
that {a}(e) = {a(e)}. Clearly a soft set (¢, A) is singleton if (¢, A) is a singleton

set for every e. A singleton soft set contains only one soft element.

Propositions 1-5-4 [22]:

1. If A= 0,then &(e) = @, we write (@, @) is referred to describe an empty
soft set, which is denoted by @.

2. If A =E,then &(e) = U, we write (U, E) is referred to a universal soft set,

which is denoted by T.

3. IfL C A, thené(e) € &'(e), we write (§,L) € (&', A) is referred to a soft

subset of a soft set.
4. If L =A,thené(e) € &'(e) and &'(e) < &(e), we write
(&,L) = (&', A) is referred to soft set equal to another soft set.

5. The soft union and soft intersection of ¢ and ¢’ are define by the soft sets,

respectively.
§(e)ué'(e),e e LUA, wewrite (§,L) U (¢, A).
E(e)né'(e),e e LN A, wewrite (§,L) N (&', A).

6. The soft complement of (&, A) is defined by (&,4)¢ = {&(e)¢:e € A},
where £(e)¢ = U\&(e).

7. The composition of two soft sets is soft set.

Example 1-5-5:

Suppose that there are five cars in U = {c4, ¢y, ¢3,¢4,c5} and

E = {eq, e, e3,64, 65, €, €7, eg} IS a Set of parameters.
16
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e; = expensive, e, = beautiful, e; =sport, e, = cheap, es = luxury,

ee = modern, e; = in good repair, eg = in bad repair.

Consider the functions &, &' given by ““car (.)’’; (.) is to be the filled in by one of

the parameters e; € E.

L ={ey, e3,e4, 65 €7}
§(ez) ={cy €305}, §(e3) = {cz, ¢4}, §(eg) = {1}, (e5) = U, §(e7) = {c3, c5-

A={e,ey..,e;}

§'(e1) = {cs,c53, 8" (€2) = {ca}, §'(e3) = {ca, ¢4}, $'(en) = {1},
§'(es) ={cy €3,¢4, 053, §'(€6) = §'(e7) = {c3}.
€ L)NEA) = (ENnE {es ey e5,€7}), where (§ N &) (es) = {ca, cal,
€ n&N(es) ={c1}, € NEN(es) = {ca 03, ¢4, ¢5}, (N EN(ey) = {c3}-
(€, L)UE,A4) =& ui' {e e, .., e7}), where (§UE)(ey) = {c3,c5,
(§U&)(e2) ={cz 03,0453 (U E)(e3) = {cy, ca}, (U EN(eg) = {c4},
(EU&(es) =U,(§UEN(ee) = {3} (U E)(e7) = {c3 cs}
(§,1)° = (§°, {e1, ez, €3, €4, €6, €7, €5}), Where §°(e1) = U,§(ez) = {cy, cu},
§%(es) = {c1,¢3,¢53,8(ea) = {ca, 3,04, 53, §(e6) = U, §%(e7) = {c1, ¢z, ca),
§¢(eg) = U.

Definition 1-5-6 [14]:

Let & € S(U), the soft power set of ¢ is characterized with P(§) = {§; S &:i €
I}, and |P(&)| = 2ZeelS @l where | (e)]| is cardinality of &(e).

17
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Example 1-5-7 [14]:

Let U = {hy,h,,hs} and A = {e;,e,}, £ € S(U) and
& = {(e1,{h41, hy}), (s, {hy, h3})}, then

IP(&)] = 2/éEnI+EE)] = p2+2 — 24 — 16,
§1 = {(er, {1 D}, &2 = {(e1, {h2 D}, &5 = {(e1,{hy, ho D}, &4 = {(e2, {ha D)},
s = {(ez, {h3D)}, &6 = {(ez, {hy, h3D)}, &7 = {(e1, {h1}), (e2, {R2 D],
g = {(e1, {h1}), (ez, {hsD}, §o = {(eq, {h1}), (ez, {hy, h3D},
10 = {(eq, {h2}), (e, {haD)}, €11 = {(eq, {h2}), (€2, {hs D],
12 = {(e, {h2}), (ez, {hy, h3D}, 13 = {(e, {hy, ha}), (€2, {R2 D},
&1a = {(e1, {hy, oY), (€2, h3)}, &5 = &, &1 = .
The soft set (£, A) is denoted by X.

Definition 1-5-8 [1]:

Let G be a group and A be a nonempty subset of parameters E. For the soft set
(¢,A) over G, it is said that (&, A) is a soft group over G if and only if é(e) <
G,V e €A.

Example 1-5-9 [1]:

Assume that G = A = S; = {e, (12),(13),(23),(123),(132)} and

§(e) ={e},$(12) ={e, (12)},§(13) = {e, (13)},$(23) ={e, (23)},

§(123) = &(132) = {e, (123),(132)}. Then (¢, A) is a soft group over G, since
&(e) is a subgroup of G for all e € A.

18
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Definition 1-5-10 [22]:

Let G = (¢,4) and H = (¢, B) be two soft groups over G. Then H = (¢',B) is
a soft subgroup of G = (¢, A) writtenas (¢, B) < (&¢,4) if &'(e) < &(e) for all
e €B.

Definition 1-5-11 [19]:

Let G = (&, A) be a soft group over G and H = (¢', B) is a soft subgroup of a
soft group G = (&, A). Then H is said to be a normal soft subgroup of G written

as H < G, if &'(e) is a normal subgroup of ¢é(e), for all e € B.

Remarks 1-5-12 [1]:

Let G be a group and (&, A) is a soft group over G. Then foralle € A

i. (& A)issaid to be identity soft group over G if £(e) = {e}, where ¢ is the

identity soft element.
ii. (&, A) issaid to be an absolute soft group over G if é(e) = G, i.e. A=E.

iii.  The soft group (&, A) is denoted by G.
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Chapter Two: Soft Bornological Set and Soft Bornological Group

2.1 Introduction

In this chapter, we construct a new structure that is called a soft
bornological structure to solve the problems of boundedness for a soft set and a
soft group. It is a natural to study a fundamental construction for this new
structure such as soft bornological subset, product soft bornology. Also, we
generate a new structure that elements are soft unbounded sets. The main
important results, we prove that a family of soft bornological sets can be a
partial ordered set, every soft power set of a soft set is a soft bornological set,
the composition of two soft bounded maps is a soft bounded map, the
intersection of two soft bornological sets is a soft bornological set, the left-right
translation is a soft bornological isomorphism and the product of soft

bornological groups is a soft bornological group.
2.2 Soft Bornological Set

In this section, we construct a new structure that is called a soft bornological set

and discuss, its definition as well as some results.

Definition 2-2-1:

Let X be a nonempty soft set. A bornology on X is a family # € P(X) such that:

i. [ covers X;
ii. B inclusion under hereditary. i.e. IfB € 8,34 € B, then 4 € f;
iii. B inclusion under finite soft union. i.e. v B;, B, € 8 then B, U B, € B.

Then B is called a soft bornology on X and the pair (X, 8) is a soft bornological

set, the elements of soft bornological set are called soft bounded subsets of X.
Note 2-2-2:
We can satisfy the first condition in different ways, if the whole set X belong to

the soft bornology or v x € X, we have {x} € f or X = U B.
20 Bep



Chapter Two: Soft Bornological Set and Soft Bornological Group
Now we give the types of soft bornological sets.

1- Let X be a soft set, 5,;5 be the collection of all soft subsets of X, then
(X, Bais) is a soft discrete bornological set.

2- Let X be a finite soft set, ,B}in be the collection of all finite soft bounded
subsets of X, then (X, Efin) Is a soft finite bornological set.

3- Let X be a soft set, 3,, be the collection of all usual bounded subsets of X,
then (X, 5,,) is a soft usual bornological set, soft bornological set can be denoted
by SBS.

Example 2-2-3:

Assume that X is an infinite soft set, and that £ is a family of all subsets of X

which has infinite complement, such that 8 = {B € X: B¢ is an infinite}.
Then f is a soft bornology on X. Since

i.  Vx €X,{x} is finite soft set belong to 5, and {x}€ is infinite soft set. So,

f covers X.

ii. LetB e, AZ B then Ais finite soft set. (every subset of finite soft set is

finite soft set), A is an infinite soft set. So, A € £. (Hereditary property).

iii. LetBy,B,,..,B, €B, then BS,BS, ..., BS is infinite soft sets.

To prove that U B; € 8, that means.

1<isn

We have to show that ( U B))¢is an infinite soft set.

1<isn

~

Since ( B)° = ﬂ Bf infinite soft. (By De Morgan Law)

1<isn 1<isn

~

So, ( U B;))¢ is an infinite soft set.
1

<isn
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Chapter Two: Soft Bornological Set and Soft Bornological Group

Thus, £ inclusion under finite soft union. Then, (X, §) is soft bornological set.

Definition 2-2-4:

Let (X, B) be a soft bornological set. A soft base f3, is a sub collection of soft

bornology B, and each element of the soft bornology is contained in an element

of the soft base.

Example 2-2-5:

Suppose U = {ry,13, 13}, A = {e;,e,}, and
X = {(eli {rll T2, T3}), (621 {rll T2, r3})}'

Then we define a soft discrete bornology on X.

B = {8, X,{(e, (D}, {(e1, {r2)3 {(er, 3D}, {(eq, fr1, 2D}, (e, {r, 313,
{(eq, {12, 13D} {ez, {1 D}, {ez, {2 D} {(ez, {rs1)} {(e2, {ry, 2}

{(ez, {r1, 3D} {(ez, {12, 13D} {(er, {1 D), (e2, {r D}, {(er, {1 D), (&2, {r: D},
{(er, {n}), (e2, {rsD} {(ey, {1 D), (ez, {1, 2D} {(er, {1 ]), (€2, {r, 3D},
{(e, {1}, (ez, {12, 13D}, {(er, {r2}), (€2, {r1 D}, {(ey, {r2}), (€2, {2 1)},

{(e, {r]), (ez, {3} {(e, {r2}), (ez, {r, 21} {(e1, {r2}), (€2, {ry, 131D},
{(eq, {r2]), (ez, {12, 131} {(eq, {rs}), (2, {r1 1)}, {(e1, {r3}), (2, {r, 1},

{(eq, {rs}), (ez, {31} {(e, {r3}), (2, {r, 123D} {(e1, {r3}), (€2, {ry, 131)},
{(eq, {rs}), (ez, {12, 131} {(eq, {ry, 121), (e, {1 D}, {(ey, {r1, 123), (e, {2},
{(ey, {r1, 123), (e, {rs D}, {(ey, {r1, 123), (e, {11, 72 D}, {(ey, {r1, 72}),

(€2, {r, 13D} {(eq, {11, 12}), (ez, {12, 73D} {(er, {r, 13D, (€2, {1 D},

{(ey, {r1,13}), (€2, {re D}, {(ey, {r1, 733), (€2, {3}, {(ey, {r1, 73}), (€2, {r, 2 D},
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{(ey, {r1,13}), (e, {r1, 3D}, {(e1, {r1, 73}), (€2, {12, 13D}, {(e1, {12, 13}), (€2, {1 D},
{(e1, {r2,m3}), (€2, {ru})}, {(e1, {rp, 13}), (€2, {rs D} {(ey, {ry, 73}, (e, {ry, 2 D)},
{(e1, {r2,m3}), (e, {r1, 3D}, {(eq, {12, 13}), (€2, {r2, 73D} {(e1, {1 }), (2, 1)},
{(e1, {12}, (e2, U)}, {(e1, {m3}), (€2, UD}, {(ey, {71, 72}), (€2, UD}, {(eg, UD},

{(ez, 0D}, {(e1, {1, 13}), (€2, U}, {(e1, { 15, 73}), (€2, UD}, {(e, U), (e, {r1 D},
{(e1, U), (ez, {2 D}, {(e1, U), (&2, {rs )}, {(e1, U), (e, {ry, 721},

{(e, U), (e, {r1, 31}, {(e1, U), (e2,{r2, 13D }}

Notice that (X, ) is a soft bornology on X. Now to find the soft base of soft

bornology.

Bo = {X,{(e1, {r1, 72}, (e2, {r1, 12D} {(eq, {r1, 12}), (e, {ry, 131},

{(eq, {r1, 12}, (ea, {12, 3D}, {(e, {r1, 13}), (€2, {r1, 721D}, {(eq, {11, 73}), (e, {r1, 131},
{(eq, {r1,73}), (ea, {2, 3D}, {(e, {r2, 73}), (€2, {r, 2D} {(eq, {12, 13}, (€2, {r1, 731},
{(eq, {r2,m3}), (e, {ra, m31)3, {(eq, { 11}), (€2, U)}, {(e4, {72}), (€2, UD},

{(e1, {13}), (e2, U)}, {(eg, { 11, 72}), (€2, U}, {(eq, {11, 731), (€2, U},

{(e1, {12, 13}), (€2, U)}, {(e1, U), (€2, {r1 1)}, {(e, U), (e, {r21)},

{(e1, U), (e2,{rsD}, {(e1, U), (e, {ry, 72 1)}, {(eq, U), (&2, {r1, 131},

{(er, U), (ez, {1z, 313}, o1 Bo = { X}

Definition 2-2-6:

Let (X, §) be a soft bornological set, a family S of members of a soft bornology
£ is said to be soft subbase for S if the family of all finite unions of members of

S is a soft base for S.
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Theorem 2-2-7:

Let X # @, then a family S of subsets of X, such that U s forms a soft subbase

SES

for a soft bornology 8 on X.

Proof : To prove this, we must show that the family

~

fo={BEX:B= U s,s € S} forms a soft base for a soft bornology on X.
fin
Therefore, we must satisfy the following:

. VSsES= sCTX=s=s5Us

=>SEEO

I

Po.

=S
Thus, S cover X, then S, covers X.
i. If B, B,€e f,

~ ~

:>§1:U5i,§2: US]

fin fin

~

Bl UBZ:USk =>§10§26 ﬂo
fin

That means there is £ on X for which 3, form a soft base for £3.

Thus S, forms a soft base for a soft bornology on X. By definition of $,, S form

a soft subbase for .

Example 2-2-8:

U=1{24},A={e;,e,},X={(e,{2,4}), (e,,{2,4})}, define a soft discrete
bornology S on X.
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B = {8,X,{(er, 2D}, {(e1, {41}, {(e2, 213, {(e2, (4D}, {(e1, V)}, {(e2, U},
{(e,{2}), (e2, U)}, {(e1, {4]), (e2, U}, {(e1,{2}), (e, {21}, {(e1, {2]), (€2, {41},
{(eq,{4}), (2, {21}, {(eq, {4}), (€2, {41}, {(e1, U), (€2, {21)}, {(e4, U), (€2, {4D}}.

S = {{(e1, {21}, {(e1, {41}, {(e2, {21}, {(ez, {411}

Then S is a soft subbase for 8 since

IBO = {X, {(61; U)}, {(621 U)}: {(61, {2})7 (92; U)}r {(elr {4})1 (621 U)};

{(e, U), (e5, {21}, {(e1, U), (e,, {4D}}, or By = {X} are soft bases for £3.

By the following theorem, we prove that a family of soft bornological sets can

be partial ordered set by a partial ordering relation on nonempty soft set.

Theorem 2-2-9:

Let {B,,}me; refers to a collection of all soft bornological sets on X, "’ < "' is
a partial ordering relation if
B < B,) © (VB, €3, = B, €f,) forallmn €L
Proof:
i. Since B, < By, then B, € B, forallm € 1. So, " < " is reflexive.

ii. Suppose that £, < B, and B,, < f,, for all m,n € I. Then g,, € B, and

B, € B,. SO, By, = B, and "’ < " is anti-symmetric.
iii. Suppose that 8, < 8, and B, < B forallm,n, k € I.
Then B, € B, and B,, € B. S0, B, € By

It implies that 3, < B and " < " has transitive property. Then ({Bm} _,<) is

partial order set.
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Proposition 2-2-10:

Every soft power set of a soft set is soft bornological set over the soft set.
Proof:
Since the soft power set of B is P(B).

i. Since B € P(B), then P(B) covers B.

i. IfFAZ Band B € P(B), then A € P(B). (Hereditary property).

iii. LetA; € P(B), foralli=1,2,..,nand since (union of finite soft set is

also finite soft set)

U A; is soft set.

1<isn

And U /L' € P(E)
1<isn

It follows that U A; € P(B).
S

<isn

Then P(B) is soft bornology on B. Hence (B,P(E)) is called a soft

bornological set.

Definition 2-2-11:

Let (X, ), (Y, B") are soft bornological sets the function y: (X, 8) — (Y, ") is
said to be a soft bounded map if the image for every soft bounded set in (X, 3) is

soft bounded set in (Y, 3"). Thatmeans vV B € § = y(B) € §'.

Proposition 2-2-12:

The intersection of soft bornological sets on X is also soft bornological set

X0 .
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Proof:

i.  Since § and 8’ are soft bornologies on X that mean the condition of the

covering is hold.
vx € X, {x} € fandvx € X, {x} € .
That means Vx € X, {x} € 8,5’, then {x} € B A B’. Then B N B’ cover X.
ii. LetBefAp[ thatmeans B € f,B e f'.
Since B, 8’ soft bornologies3IAE B=Ae€ B, A€ . ThenA€ BN
iii. LetA, BefBNp .Thend,BepfandA Bep.
SinceA UBefandAd U Bef' . So,ATUB eBngf

Notice that 8 i 8’ defines a soft bornology and (X, 8 N B") is soft bornological
set.

By the next proposition we will prove the composition of two soft bounded

maps is soft bounded map.

Proposition 2-2-13:

Let y: (X, 8) = (Y,B") and ¢: (Y, 8') = (Z, ') be two soft bounded maps.
Then the composition ¢ oy : (X, ) = (Z, ") is soft bounded map.

Proof:

Suppose B € £ since ¥: (X, ) = (Y, ") is soft bounded map then ¥ (B) is soft
bounded set and y(B) € 5. Then ¢p((B)) € B (since ¢ is soft bounded map)

So, the composition ¢ o y: (X, 8) = (Z, ') is soft bounded map.

The composition of three soft bounded maps is also soft bounded map and

composition n of soft bounded maps is soft bounded map.
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Definition 2-2-14:

Let (X, §) be a soft bornological set and G € X. The soft bornology fg =
{B N G: B € £}on G is called a soft relative bornology generated by the set G
and the soft bornological set (G, f¢) is said to a soft bornological subset of soft

bornological set (X, 8).

Theorem 2-2-15:

Let (X, §) be a soft bornological set and G € X. Then the collection g =
{B 0 G: B € B} is a soft bornology on G and the pair (G, B¢) is a soft

bornological set.

Proof:
To show that S = {B N G: B € f} is a soft bornology on G.

i. LetA=BNGandB € f,toprove that B is covering of G.

Where LJZ?:Xand XNG=G.
Bep

Then G = J A, then fg is covering of G.

AeBg
i. LetAefg,ie. A=BAG,BES®L.
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~ ~ ~ ~ >~ A~

Wetake LEA=LSCBNANGLZCATLCG.

IN

SinceBef=1L€pf.

To prove that L € B¢ that means L = U N G where U €

Take L=U.Then L=0UARGand U € . Then L € 3.

iii. Let{A; i€ I, finite}, be a finite soft bounded of S .

To prove S inclusion under finite soft union.

Since Vi € 1,1 finite,3 B; € f suchthat 4; = B; A G

A; = U(Ei NG) = (UB}) NG=BNG,i€ll finite
[ i€l

(Since g inclusion under finite soft union).

Then, B A G € Bg. That mean Ufii € B¢, finite.

€]

Example 2-2-16:

Consider U = {1,2}, 4 = {e, e,},X = {(ey, {1,2}), (e, {1,2)}.

Define a soft finite bornology on X.

B = 1{8,X,{(er, (1N}, {(e1, {21}, {(e2, (1D}, {(e2, {21}, {(e1, V)}, {(e2, U},
{(e, {1}, (e2, U)}, {(e1, {2]), (€2, U)}, {(eq, {1}), (e, {11}, {(e1, {1D), (€2, {21},
{(e,{2}), (2, {11} {(eq, {2}), (e2, {21}, {(e1, U), (€2, {11}, {(e4, U), (e2, {21} }.

Let G € X, G = {(eq, {1}), (e,, {21} by definition of soft bornological subset of
soft bornology B N G, B € .

Be = (BN G, {(er, (1N} N G, {(e, (2D} N G, {(e2, (1NIN G, {(e,, 2N} A G,
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{(er, )} N G, {(e, 1} N G, {(e,{1}), (e2, U} N G, {(e1,{2}), (e, D} N G,
{(e1, {1}, (e, {1N} N G, {(ey, {1}), (2, (2N} N G, {(e, {2}), (e, {1N} A G,
{(e1, {2}, (e2, 12N} N G, {(e1, U), (e2, {1D} N G, {(e, U), (e, {2N} N G, X N G}
Then, Bg = {8, G, {(e1, {113}, {(e;, 2D}

Lemma 2-2-17:

Let (X, ) be a soft bornological set and (G, B ) be a soft bornological subset of
soft bornological set (X, ). H,G € § if H € G, then H € S.

Proof:

Suppose that H € 3. Since H € G, H = H A G then H € S by assumption
HE Gand H € 8.

Theorem 2-2-18:

Let (G, fg) be a soft bornological subset of soft bornological set (X, ). Then

the following are equivalent:

Proof:
(i) — (ii) LetG € B, and H € fg.

From the definition of soft bornological subset, H = #i N G, where 7 € .

Since G € B,7 €  then, H € .

(i) — (i) Assume that B¢ € f5. Since G € S then, G € f.
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Definition 2-2-19:

LetH € G € X, (G, Bg) and (H, B) be soft bornological subsets of soft

bornological set of (X, ), and ([H[, (BG)H) € (G, Bg). Then, (IHI, (BG)H) is

called a soft bornological subset of a soft bornological subset (G, S ).

Theorem 2-2-20:

Let H € G € X, (G, Bg) and (H, ) be soft bornological subsets of soft
bornological set (X, 3) and (H, (Bg),,) € (G, Bg). Then, By = (Be)u-

Proof:

By ={BNH:B € B}and g = {B N G: B € B}. Therefore

(Be)y = (BNG) A H:B € f}

)]

(G

[l
~

wol

)]

H): B € (£}

Il
~

ool

)]

H: B € £}. Since (H € G).

l

=

Another proof:

Assume V W € fy. From the definition of soft bornology subset,
W = w N H, where W € .

We obtain that w A G € S¢. Then, by choosing w N G = ¥
YAHE (EG)H since of (H, (,E’G)H) € (G,Bg) and Y € fg.
ButY =wnGthen Y AH=wnAGNAHE (Bg),
HE Ge H=HNnN G then,
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YAH=wnHe (Bg), Since w = w N H € (8g),, then,

W € (Bg),, Hence, we get By € (Bg),,-

Conversely, assume that vZ € (fg),.. From the definition of soft bornology

subset,

Z =T A H, where T € Bg. We obtain that T = W N G, where W € f.

7=TANH=WwAGNH =N H € By. So, this completes the proof.

Definition 2-2-21:

Let {8, }me; be a family of all soft bornological sets on X. If 3,, < B, then .,

is soft finer than 3,,. In this case B, is said to be soft coarser than S,,,.

Example 2-2-22:

Let X be an infinite soft set, Eﬁn is a collection of all finite soft subsets of X,
and 3 is a collection of all soft subsets of X. Then Eﬂn is a finer soft
bornology than soft discrete bornology £4;5 on X

.gfin c .gdis-

Proposition 2-2-23:

If (F, Bp) and (G, B¢) are soft bornological subsets of soft bornological sets
(X, B) and (Y, 8"), respectively and  is soft bounded mapping from (X, ) into
(Y, 8" such that ¥ (F) € G. Then 1 is relatively soft bounded mapping of

(F, Bg) into (G, Bg).-

Proof:
Let A’ € B, thenthereis A€ f. A' = AR F, ¥(A) € B', hence

YAYNG= YyAANF)NG
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= Y(A) AP(F) N G € fg.
(since Y(F) € @).
So, ¥: (F, Bg) — (G, Bg) is relatively soft bounded mapping.

Proposition 2-2-24:

Let (F, Bp), (G, Bg), and (H, By) be soft bornological subsets of soft
bornological sets (X, 8), (Y, "), (Z, B"") respectively. y: (F, Bg) = (G, Bg),
¢: (G, Bg) = (H, By) are two relatively soft bounded maps. If the image for
every soft bounded in By is soft bounded set in ¢, then the composition

¢ o y: (F, Bp) — (H, By) is relatively soft bounded mapping.
Proof:
Let A € B and since y: (F, Bg) = (G, Bg) relatively soft bounded mapping
It follows that

Y(A) NG E fg.
Also

¢: (G, fg) — (H, Bw)

Is relatively soft bounded mapping.

It follows that

d(YA)AG)AH € By (since Y(4) € G)
¢(1/) (A))HH € By

[(¢ o ¥)(A)] A H € fu.
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Thus, the composition ¢ o y: (F, ) — (H, By) is relatively soft bounded
mapping.

Definition 2-2-25:

Let (X, ), and (Y, B") be two soft bornological sets. A map ¥: (X, ) — (Y, ")
is called a soft bornological isomorphism if v, and ¥~ are soft bounded maps

and bijective.

Example 2-2-26:

U=1{56},U ={10,12},A = {e}, X = {(¢,{5,6})}, Y = {(e, {10,12})}.
With soft finite bornology on X and Y.
B = {8,X,{(e, {51} {(e, {6},
B' ={8,Y,{(e, {101}, {(e, {12])}}.
Define a map y: (X, 8) — (Y, ") by
P({(e, (5N = {(e, {101}
p({(e, (6N = {(e, {121)}.

It is clear that v is bijective so ¥ and ¥~ are soft bounded maps.
Y ({(e, {101} = {(e, {51}
Yy~ {(e, {12D)}) = {(e, {61}

Then, ¥ is a soft bornological isomorphism.
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Definition 2-2-27:

Let (X,5), and (Y, ") be two soft bornological sets, and $, = {The family of
all B x B’ where B € 8,B' € B'}. We say that 3, is a soft base, and is called

product soft bornology.

If we defines a soft bornological structure on X X Y. Then the product sets

X x Y with this soft bornological structure is called a soft bornological product

sets of (X, 3), and (Y, 3").

Example 2-2-28:

U={56},U ={89},A=A"={e, e},

X = {(e;,{5,6}), (2, {5,6N}, Y = {(e4,{8,9}), (e, {891 }.

With a soft discrete bornology on X, Y.

B' = {8,X,{(e1, (51}, {(er, (6}, {(e2, 5N {(e2, (6D} {(e1, U}, {(e2, U)},
{(e1, {5}), (e2, U)}, {(e1, {6}), (€2, U)}, {(e1,{5}), (e2, {51}, {(e1, {5}), (e2, {61},
{(e1, {6}), (e2,{5})}, {(eq, {6}), (e2, {61}, {(e1, U), (e2, {51}, {(e1, U), (e, {6})}}.

B" ={8,Y,{(e1, {8D}, {(es, {91}, {(e2, 8D}, {(e2, {9}, {(e1, U}, {(e5, UM},
{(e1,{8}), (e2, U} {(e1,{9}), (e2, U}, {(e1, {8}), (e2, {81}, {(eq, {8}), (e2, {91},
{(e1, {9}, (e2, {81}, {(e1,{9}), (e2, {91}, {(e1, U"), (e2, {81}, {(e1, U"), (e2, {91 }}
EXEAXA - PWU)XPWU
Bxxy = {((ei,ej),f(ei) X f'(ej))}-

Where e; € A,e; € A',i,j = 1,2, £(e;) € P(U),¢'(e;) € P(U").
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Proposition 2-2-29:

Let {(X;,5;),j = 1,2, ..., n} be two soft bornological sets and (X, 3) the product
soft bornological set, let G;, j = 1,2, ...,n be a soft bounded set over X; and G
be the product soft bounded set over X. The induced soft bornolggy B on G

has, as a base the set of product soft bounded sets of the form gﬂj where
B,j € ('BJ)G] ,j = 1,2, e, N j=1
Proof:

n
Bo={| |58 €Bi=12..m)
j=1

So the base for S is given by

n
(Bo)g = HEJ- NG|Bj€p,j=12..n
j=1
n
= [B; A G;] |B; €B},j = 1,2,...,n
j=1

This product soft subset is denoted by (G, ) = 1_[[ Gj, (ﬁj)Gj]-

j=1

Definition 2-2-30:

Let (X, B) be soft bornological set. A subset A of X is called soft unbounded
subset of X if A€ € §.

Proposition 2-2-31:

Let (X, §) be a soft bornological set on X and T denoted a family of all soft

unbounded sets of X. Then T satisfies the three following:

i. B¢ =X- B €T foreach non-empty set B € X;
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i. IfKkeTandK S PthenP €T
iii.  The finite intersection of members of T is also member of T.

Conversely, if X # @ and T is the collection of subsets of X such that [ satisfies
(i, i, iii). Then there is a soft bornology £ on X such that I' forms the set of all

soft unbounded subsets of X.
Proof:
i. Let B be a nonempty subset of X, i.e. B = U{x} ef
x€EB

Then B¢ =X —-B e T;

Ke.

I

i. LetKeland K EP = P¢
Since K¢ € B ( by definition of T') then P¢ € 8. By condition (ii) of soft
bornology then P € T;

iii. IfK;, K, €T then
K¢, K$ € B, since 8 is a soft bornology on X then
KU K =K, NKy)) efthenK,ANK, €T,

Conversely, we define § = {B € X: B¢ € T'}.
a. By(i()X—{x}eTandVx € X {x} €f. Then g covers X;

~

b. IfBeBA

N

X,A € B, to prove 4 € .

Since B¢ € A€ by definition of soft bornology, B¢ € T
(by (ii)) A€ € T by definition of soft bornology, 4 € £;
c. IfB,, B, € B (by (iii)) BSABS = (B, UB,) ef.

By definition of soft bornology B, U B, € . Then g is soft bornology on X.
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Theorem 2-2-32:

Let (X, §) be a soft bornological set, G € X and (G, ) a soft bornological
subset of X. For the some sets H € G € X, the following statements are

equivalent:
i. HeTlg
ii. H=kNG forsomek €T,
Proof:
(i) = (ii) Let H € Tg. Then, (H)¢;, € fBg.
So, there exists w € 8 such that
(H)¢, = w N G. We can write H = ((H)fG)fG:(w NG,
=G\ WNG)
=GN (wNG)°
=GN (W) TG
= (GA W) T (GN (G
=GN (W)éx
Since w € B then, ()¢, € I'. By choosing (w)° . = k.
We obtain that Hl = k N G for k € T.

(i) = (i) Since H = k N G then, ()¢, = (k N G)°;.
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=GN () T(®)°)
= (G N (k) U (GN (&)
=GN (k)%

Moreover, by assumption k € ', then (k) € B.

Hence, we get (H),, € g and H € [, as required.

Corollary 2-2-33:

Let (X, §) be a soft bornological set, G € X and (G, f¢) is a soft bornological
subset of X. If H € G, H € T then, H € I,

Proof:
Since H € G then, H = H N G.
By assumption H € [" and we get H € [, by Theorem 2-2-32, as required.

Corollary 2-2-34:

Let (X, §) be a soft bornological set, G € X and (G, f¢) is a soft bornological

subset of X. The following statements are equivalent:

Proof:
(i) = (ii) Let G € T and assume H € I.
So, there exists k € T such that H = k A G by Theorem 2-2-32.

Moreover, by assumption G € T then, H € T.
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Thus, Iz € T.
(i) — (i) Since (G, fg) is a soft bornology, then G € T and Iz E T.

Then we get G € T.

2.3 Soft Bornological Group

To solve the problem of boundedness for a soft group we construct a new

structure that is called a soft bornological group.

Definition 2-3-1:

Let G be a soft group. We say that (G, 8) is a soft bornological group if £ is a

soft bornology on G, and the following conditions holds:
1. The product mapping (G, B) x (G, B) = (G, B) is soft bounded:;
2. The inverse mapping (G, 8) — (G, f) is soft bounded.

Example 2-3-2:

Let G be absolute soft group over G, where G = (Zs, +3), A = (Z3, +3).

We can define a soft finite bornology S on this soft group. Which it is the

collection of all finite soft subsets of G.

To prove G with soft finite bornology 3 is a soft bornological group (G, ).

We must prove that the product map and inverse map are soft bounded.

1) ¥:(G,B) % (G, 5) ~ (G, )

Let B,, B, be two soft bounded sets belong to (G, B).

Then we must proof that (B, x B,) is soft bounded.
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I

Y(B, x B,) = {B,¥B, € By, : B,,B,, B, € (G, p)}.
Since G is absolute soft group.

Thus, the image for every two soft bounded sets B, Ey under 3 is soft bounded

set.
2) The inverse map ¥ ~1: (G, B) = (G, )
Let B € . Then, B~ = {B~%: B~ € (G, f)}.
So, 1 is soft bounded. Then (G, ) is a soft bornological group.

Definition 2-3-3:

Let (G, 8) and (G, 8") be two soft bornological groups. A homomorphism of

soft bornological groups is a group homomorphism which is also soft bounded.

Remark 2-3-4:

If (G, B) is a soft bornological group, then B € g if and only if B~ € .

Theorem 2-3-5:

(G, B) is a soft bornological group iff for each g;, g, € G and each soft bounded

sets B,, B, containing g;, g, respectively, there is a soft bounded set B contains
g1 * g, tinGsuchthat B, B, &B.

Proof:

Let (G, ) be a soft bornological group with respect to soft bounded set, that

means (g,,g,) is a point in G x G, let B;, B, two soft bounded sets containing

91, 92, respectively.

Then there exist a soft bounded set B containing ¥ (g, 92) = g1 * g, L in G,
suchthat B, = B, ' & B.
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From Remark 2-3-4, B, is soft bounded set containing g, Y and By X B, is

soft bounded set containing (g4, g2)-
So, (B, x B,) € B. This means that the product map is soft bounded map.

To show that inverse map ¢ is soft bounded map let g € G and let B be a soft

bounded set containing g such that ¢(g) = g~1.
Then by Remark 2-3-4, B~1 is soft bounded set containing g~? satisfy

¢(B) = B~ which means that ¢ is soft bounded map at g, soon G is a soft

bornological group. The convers is clear from the concept of soft bornological

group.

Definition 2-3-6:

Let G be a soft bornological group. For g € G there is a left translation map

Yg4: G - G defined by 1,(x) = gx and the right translation map y,: G - G
defined by ¥, (x) = xg.

Proposition 2-3-7:

Let g be an arbitrary element of soft group G. Then left translation map
Ygs:G@ - G; x — gx (and right translation map ¢ ,: G - G; x — xg) is a soft

bornological isomorphism.
Proof:

It is known that left translation is bijective map and since has inverse so we can

only prove that left translation is a soft bounded.

For any x,y € G and a soft bounded sets B, and B'y containing x, y respectively
such that B, - B, € B by definition of soft bornological group, there exist a soft

bounded set B contains xy.
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Hence, we have ¢, (B,) =x-B, € B, -B, € B.

Corollary 2-3-8:

Let H € G be a soft subgroup. H contained in a soft bounded set of G. Then H

is soft bounded in G.

Let B be a soft bounded subset of G with H € B. A soft bornological group
consists of a soft group and a soft bornology £ on G since § inclusion under
hereditary. Then, H is soft bounded in G.

Definition 2-3-9:

Let (G, B) be soft bornological group and H € G. Then (H, By)
is called a soft bornological subgroup of G if

i.  (H,*) is soft subgroup of a soft group (G,*).

ii. (H,fBy) is soft bornological subset of (G, B).

Proposition 2-3-10:

Let (G, B) be a soft bornological group if 4 is soft bounded set in G and H € G
then, AH, HA are soft bounded in G.

Proof:

Let A be a soft bounded set in G and H € G, since every left translation (right
translation) of soft bornological group into itself is soft bornological
iIsomorphism, by Proposition 2-3-7.

HA = U Yr(4) and AH = U ¥r(4)

heH heH

So, if G is a soft bornological group then for any soft bounded set A in G and
any subset H of G these AH, HA are soft bounded sets in G.
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Theorem 2-3-11:

Let (G, B) be a soft bornological group, H is normal soft subgroup of G. Then
G/]HI is soft bornological group.

Proof:

Let G be a soft bornological group and H be a normal soft subgroup of G.

Then G/]HI has a quotient soft group structure and the function ¥: G - G/H,

g — gH, define a quotient soft bornology on (G/H.

Also, the quotient function 1 is soft bounded, for if 4 is soft bounded in G then
¥(A) = AH, by Proposition 2-3-10.

And it follows that 1 (A) is soft bounded in G/IHI'

If u, u" are the multiplication in G and G/]HI' and v, v'are the inversion in G and

G/]HI’ respectively.

Then u',v' are uniquely defined by the following commutative diagrams:

G X G —t G e
Y Xy Y Y Y
G/HXG/H”,—’G/H G/H " G'/]141

To prove that i, v' are soft bounded function. By using the following diagram:
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G &/

Y o v is soft bounded and v is soft quotient function so by the universal property

of y there exist a unique soft bounded function ¢: G/IHI - G/IHI making
pop=vov.
But v ey =y ov,s0v’ = ¢, and hence v’ is soft bounded.

Also by using the following diagram:

G x G 6/ x G/

You

G/]HI
Since Y x 1 is soft bounded and surjection function, then i x v is soft quotient
function, since y o u is soft bounded, so by universal property of Y X ¥
there exist a unique soft bounded function ¢’ o (Y X ) = o p.
But i’ satisfies the condition u' o (Y X ) = ¢ o u.
So, u' = ¢’, hence u' is soft bounded.

Theorem 2-3-12:

The product of soft bornological groups is soft bornological group.
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Proof:

Let {G;};¢; be a family of soft bornological groups, their product G = [[;¢; G;
has a natural group structure (product of soft groups). And a natural soft

bornology (product of soft bornologies).

By using the following commutative diagram:

Then y; o (pr; X pr;) is soft bounded.

Since u; and pr; X pr; are soft bounded. Therefor pr; o u = y; o (pr; X pr;) is
soft bounded.

Now, by using the following commutative diagram:

G G

pri o pr;

G; —— G;

Vi
v; o pr; is soft bounded since v; and pr; are soft bounded.
Therefor pr; o v = v; o pr; is soft bounded.
Therefor v is soft bounded.
So, G = [];¢; G; is a soft bornological group.

The soft bornological group G = [];¢; G; is called product soft bornological
group.
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Chapter Three: Soft bornological Group Acts on Soft Bornological Set

3.1 Introduction

In this chapter, we study soft bornological group action. That means a soft
bornological group acts on a soft bornological set. This process is called a soft
bounded action such that the effect of the soft bounded action is to partition a
soft bornological set into classes of soft orbitals. The main important result is to

prove that soft bornological group action is soft bornological isomorphism.

3.2 Soft Bornological Group Acts on Soft Bornological Set

In this section, we show that the soft bornological set is partitioned into soft

orbital classes by acting as a soft bornological group on the soft bornological set.

Definition 3-2-1:

A soft bornological group action is a triple (G, X, 6,) where (G, ) a soft

bornological group, (X, 8) a soft bornological set and 6,: G x X — X is a soft

bounded, such that it has the following conditions:

i. 6.(g,x) =x, forall x € X, e € G, where ¢ the identity soft element.
ii. 0.(g,0.(h,x))=06,(ghx) forall g,h € G,x €X.

Then we say that the soft bornological group G acts on a soft bornological set X

and X is called a left G- soft bornological set.

Further, the notation g - x ( or gx) will be used for 8,(g, x), so that (i), (ii)
become e-x =xand g - (h-x) = (gh) - x. If B is soft bounded subset of soft
bornological group G and 4 is a soft bounded subset of soft bornological set X,

weputB-A={g-x:geBxed}EX

Remark 3-2-2:

If (X, 8) is soft bornological set. Then (G, §) is said to be a soft bornological

transformation group on (X, 5').
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Example 3-2-3:

1- Assume G is a soft bornological group and X = G. The product map is define

by 6,: G X G - G where 6,(g,x) =g -x
such that
i. 6.,(¢,9) =€-g=g,Vg € Gand ¢ identity soft element of G.
i, 0c(9,6c(91,92)) = 0.(9,9192) = 9 - (9192)
=(991) - 92
=0.(991,92),V 9,91, 9; € G.
It is easy to say that 6, is soft bounded action.
Thus, every soft bornological group G acts on itself by product map.
2- Let G a soft bornological group and X = G be a soft bornological set. Define
a mapping 6,:G X G - G as following 8,(g,h) = ghg~1,Vg, h € G such that
i. 0,(e,h) =che ! =hVhe€GQG.

i, 0,(91,00(g2, 1) = 6.(g1,(g2h927D))

= g1 (92hg, D"

= (9192)h((9192) "

=0¢(g192, h).
Then 6, is a soft bounded and this action is called conjugate action of G on
itself.
Definition 3-2-4:

If X be a G- soft bornological set, and B be a soft bounded subset of X. Then a
subset B of X is called an invariant soft bornological set under the actions of

soft bornological group G if G- B = B. i.e. ,(G x B) = B.
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Example 3-2-5:

Suppose (Z, ﬁfin) be a soft finite bornological group and X = (R, 8,,) be a soft
usual bornological set. Let the soft bornological group Z action on the soft

bornological set R by
0,(z,r) = z¥r forallz€Zr € R.

Then R is Z- soft bornological set and Q the set of all rational numbers as a

subset of R is invariant soft bornological set such that

Z-Q={z¥q:z€Zq€Q}=Q.

Theorem 3-2-6:

The soft bounded action is soft bornological isomorphism.
Proof:
Let

O, GXxX —X

be a soft bounded action of a soft bornological group G on a soft bornological
set X. Every element g € G determines a soft bounded translation (6,), of X
onto itself, defined by:

(8e)g(x) = (6.)(g,x ), foreach x € X.
Then by Definition (3-2-1) (ii)
(Bedn ° (Be)g = (Belng
((B)n © (8)g)(x) = (8e)n ((8e)g)(x)
= (8e)n(6e(g,x))
= 0,(h, 6.(g,%))
= 0.(hg,x)

= (Qe)hg (x).
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and by Definition (3-2-1) (i), (6.) = Ix , the identity mapping of X onto itself.
Thus

(0e)g ° Be)g1 = (Be)gg1 = (Be)e = (Be) g1 © (8e),.

((8)g ° B)g+) (1) = (8e)g ((Be)g1 ()

= 0.(9,6.(g7", %))

= 0.(997" %)

= 6.(97'9,%)

=0.(97"0.(9,%))

=0 (972 (6e)y ()

= (8e)g-1 ((6)g )

= ((0)g=1 © (6)4) (%)

Hence, ((He)g)‘1 = (8,) 4-1 is the soft bounded inverse mapping of (8,),

which means that each (6,), is an isomorphism of soft bornological set X.

Proposition 3-2-7:

Let (X, 8") be a soft bornological set and (Y, 8’") be a soft bornological set. If
(X, 8" and (Y, 8"") are two G- soft bornological set, then (X X Y, 8’ x 8" is

G- soft bornological set.
Proof:

Suppose (G, B) is soft bornological group. Consider G- soft bornological set

(X, 8" with the soft ( bounded ) action
0,:Gx X - X

and G- soft bornological set (Y, 8'") with the soft ( bounded ) action
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G GXY->Y
Then, we establish a soft ( bounded ) action denoted as

Pe:GX (XXY) > (XXY).

That means, (g, (x,¥)) — ¢.(g, (x,y)) = (6.(g, %), p.(g,¥)). That we want
to show the following:

i (91 0e(92 (6 3))) = @e (91, (6e(g2. %), Pe(92,7)) )

= 9. (91, (92%, 92))
= (0c(g1, 92%), B (91, 92¥))
= (9e (9192, %), (9192, }’))
= 9.(9192 (X, ).
V91,9, €EG (x,y) EXXY.
i @e(e, (%)) = (8e(e,), e (e, 7))
= (ex, ey)
= (x,y),Ve € G, (x,y) EXXY.
Therefore ¢, is a soft ( bounded ) action of (G, 8) on (X X Y, 8’ x 8').

Proposition 3-2-8:

For the G-soft bornological set, if x € X,g € G,and y = 0,.(g, x),
then x = 6,(g~1,y). Moreover, if x # x’ then 8,(g, x) # 6,(g, x").
Proof:

Lety = 6,(g,x) such that
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Be(g_l;y) = ge(.g_l: ge(.g:x)) = ee(g_lg:x) = Be(e,x) = X.

Assume x = x’, and 8,(g,x) = 6,(g,x"). When g~ is applied to both sides, it
follow that

0c(97"6.(9,%)) = 6.(g7" 6.(g,x")
0.(g7'9,%) = 6.(97"g,x")
Oc(e,x) = 0,(¢,x")
X=X
This contradicts the hypothesis x # x'. Hence, 8,.(g,x) # 6.(g,x").

Definition 3-2-9:

A soft ( bounded ) action of the soft bornological group (G,[S) on the soft

bornological set (X, 8"), this action is called:

1. Transitive if for each pair x, y € X there exists an element g in G such
that 6,(g,x) = y.

2. Effective (or faithful ) if for each two disjoint elements g, h € G there is
an element x € X such that 6,(g, x) # 6,(h, x).

3. Freeifgive g, h € G, the existence of an element x € X with
0.(g,x) = 0,(h,x) implies g = h.

Definition 3-2-10:

Suppose (X, 8, (Y, 8" are two soft bornological sets. And let (X, 8", (Y, ')
be G- soft bornological sets with the soft (bounded) action 6, and 6;. Then the
map ¢,: X - Y, is defined by ¢.(6,(g,x)) = 64(g, p.(x)), which is said to be

G- equivariant soft bounded map.
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That means
Pe(g.%) = g. @e.
Clearly, ¢, is equivariant iff the diagram below is commutative

Be

GxX y X

Pe Pe

GXY Y
Be

where p, = idg X ¢, IS the product of identity mapping idg of G and the
mapping ..

An equivariant map @,.: X — Y which is also an isomorphism of soft

bornological sets which is called an equivalence of G- soft bornological sets.
In this case, we note that the inverse ¢! of ¢, is also equivariant, if
y = @.(x). Then

01 (9,9) = 01 (9- 9 (X)) = 0 0. (g-%) = g.x = g. 9z (V).

Definition 3-2-11:

If (X, 8") be a G- soft bornological set, and for each x € X. Then the soft orbit

of x under the action G is the subset G(x) = 6,(G X x). i.e.
G(x)={y e X:dg€eGs.t,y=g.x}

By a generalization of this, for any soft bounded set B € X, the union of all soft

orbits of points of B is
G(B)={g-b:g€G,beB}.

For a soft bounded set B € X, and soft subgroup H of G, we put
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H(B) ={h-b:h € H,b € B}.

Remark 3-2-12:

1. The action 8, of G on X defines an equivalence relation as follows.
For each x,y € X, xRy if and only if there exist g € G such that

0.(g,x) =g -x=y.

The equivalence classes with respect to this equivalence relation are the soft

orbits of the elements of X.

2. Let X/R denotes the set of soft orbits G(x), and 7,: X —» X/R be the

natural map taking x into its soft orbit G(x).

If we soft bornologize X/R by the quotient soft bornology, then the soft

bornological set X/R is said the soft orbital soft bornological set of X
(with respect to G), or the quotient soft bornological set by G and is denoted by
X/R = {G(x): x € X}.

3. Equivalently, soft bornological group G acts on a soft bornological set X
and that Y = X/@G is the corresponding orbit set. Let Y carry the quotient

soft bornological generated by the orbital projection
T.: X - X/G.

That means, a set B; € Y is soft bounded set in Y if and only if it is the image of

soft bounded set B in X, such that B, = m,(B). The soft bornological set X/G
S0, obtained is called the soft orbital soft bornological set or the soft orbit space

of the G- soft bornological set X.
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3.3 Conclusions

In this work, we recalled the basic concepts of bornological structures that
solve the problems of boundedness for sets and groups. Also, the fundamental
construction for this structure such as bornological subset, product bornology.

Furthermore, some practical applications of bornological space.

Consequently, we combined the soft set theory with bornology to
construct a new structure that is called the soft bornological set to solve the
problems of boundedness for soft sets. Also, we constructed a soft base and a
soft subbase for this structure. Additional, we generated a new structure that
elements are soft unbounded sets. And, we solved the problem of boundedness
for a soft group by constructing a new structure called a soft bornological group
such that the product map and the inverse map are soft bounded maps. The main
important results, we proved that a family of soft bornological sets can be partial
ordered sets, every soft power set of a soft set is soft bornological set, the
composition of two soft bounded maps is a soft bounded map, the intersection of
soft bornological sets is a soft bornological set, the left-right translation is a soft
bornological isomorphism, and the product of soft bornological groups is soft

bornological group.

Finally, to divide the soft bornological set into soft orbital classes, we
studied a soft bornological group action SBGA. When a soft bornological group
acts on a soft bornological set, this process is called soft bounded action. The
main important result, we proved that a soft bornological group action is soft

bornological isomorphism.
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